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We list the 36 possible outcomes below
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We summarize the table above below
	Y = min(X1, X2)
	p(y)
	y*p(y)
	(y^2)*p(y)

	1
	11/36
	11/36
	11/36

	2
	9/36
	18/36
	36/36

	3
	7/36
	21/36
	63/36

	4
	5/36
	20/36
	80/36

	5
	3/36
	15/36
	75/36

	6
	1/36
	6/36
	36/36

	 
	Total =
	91/36
	301/36



Therefore,
   or 8.361111




Part-b
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Solve for k



 is the median

# 3
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Part-a

          
            
           
The bias is



Part-b
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                  by independence
                
              
The standard error is the square root of Var(T)
Standard error = 



# 4
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Part-a
The likelihood function is

                        
 is a decreasing function of    so the MLE will be the smallest possible value of   such that
  for all 
Hence, the MLE is which is the maximum order statistic

Part-b
The likelihood is

The log likelihood is





Second Derivative Test:

Therefore, the MLE of p is


Part-c
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The mean of X is

The mean of  is

The equations to solve are




# 5
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Part-a
 based on 14 degrees of freedom




Hence, the 99% confidence interval (lower bound) is (7.832, infinity)





Part-b
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By Central limit Theorem 
 approximates Normal(0, 1) distribution




Solve  and  

Therefore, the 99% confidence interval is (2.43, 3.70)






# 6
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Part-a
The hypotheses are


Test Stat:

p-value =P(Z < -2.82) = 0.0024
Reject H0 because p-value < 0.01

Part-b
[image: ]

H0 is rejected when Test Stat < -2.326
 is the Type II error probability





= 1- 0.3974 is the probability of Type II error
= 0.6026 is Type II error probability

Part-c
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We want to find n so that

Since 
, we solve


By trial and error, n is 85.19 so we round up to n = 86

# 7
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	Observed, O
	Expected, E
	(O-E)^2/E

	26
	16.6666667
	5.226667

	13
	16.6666667
	0.806667

	17
	16.6666667
	0.006667

	13
	16.6666667
	0.806667

	20
	16.6666667
	0.666667

	11
	16.6666667
	1.926667

	 
	Total
	9.44



The Test Stat is 9.44 based on k-1 = 6-1 = 5 degrees of freedom
P-value = P(Chi-Square > 9.44) =  between 0.05 and 0.10
So we do not reject the null hypothesis.
The  die is NOT damaged (Null hypothesis not rejected) based on the result of the hypothesis test
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(c) Derive the equations that allow you to find the method of moment estimators for p and a. Your
equations must explicitly contain p and a. You do NOT have to actually solve the equations.
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Exercise 5 [12 points]

(a) For a sample of 15 iid normal observations with sample mean 7 = 10 and sample standard
deviation s = 3.2, construct a lower 99%-confidence bound for the population mean . You
must include a detailed derivation of your confidence bound.
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(b) Consider a sample of n iid observations that follow a Poisson distribution with unknown

parameter A. For large n, what is the distribution of

X2

AT
Use this result to construct an approximate two-sided 99%-confidence interval for A when
n=50and T = 3. Two-sided means that your interval should not have —oo or +0c as an
endpoint. You must include a detailed derivation of your confidence interval. Do not use the
calculator (in particular, do not round any values) until the end of the calculation.
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Exercise 6 [15 points]

Prices of diamonds are very sensitive to their weight (measured in carat). For example, the price of
a1 carat diamond tends to be much higher than the price of a 0.99 carats diamond. To study this
‘phenomenon in more detail, we consider two random samples of diamonds, .99 carats and 1 carat,
each sample of size 23. The average price of 0.99 carats diamonds in the sample is $4451, while the
average price of 1 carat diamonds in the sample is $5681. From long-term studies, we know that
both the prices of 0.99 carats diamonds and the prices of 1 carat diamonds are normally distributed
with standard deviations o1 = $1332 (0.99 carats) and o2 = $1613 (1 carat), respectively.

(a) Carry out a hypothesis test at significance level 0.01 to evaluate whether the true average
price g of 0.99 carats diamonds is lower than the true average price iz of 1 carat diamonds.
Specify Hy and H,, the test statistic, and calculate the p-value or use p-value considerations
PR,
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(b) Compute the type II error probability for the test in (a) if the true average price of 1 carat
diamonds is $5500 and the true average price of 0.9 carats diamonds is $4600. Include a
detailed derivation in your answer.
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() How large o the sample sizes (kept equal for 0.99 carats and 1 carat diamonds) have to be
such that, in the situation described in (b), the type Il error probability is at most 5% Include
a detailed derivation in your answer.
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Exercise 7 [5 points]
Your younger sibling accidentally (or not, who knows) microwaved your favorite dice. Having
thrown it a hundred times afterwards, you notice that there are far more ones than sixes:

Number | 1]2[3]4]5
Trequency | 26 | 13 | 17 | 13 [ 20 | 11

Carry out a hypothesis test at significance level 5% to determine whether your sibling has damaged
your dice. Your dice is considered damaged if it no longer shows each mumber with equal probability.
Specify Ho and H,, the test statistic, and calculate the p-value or use p-value considerations to
conclude.
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Exercise 2 [7 points]
() You throw two fair dice labeled 1. 6 independently of each other and let X be the minimum
of the two results. Calculate E[X?].
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(b) Suppose that X has pdf given by f(x) = 3z~ if & > 1 and by f(z) = 0 if < 1. Caleulate
the median of X.
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Exercise 3 [7 points]
Let Xy,..., X,, be iid with mean 4 and finite variance 0. Consider the following estimator for u:

(a) Compute the bias of T'.
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(b) Compute the standard error of T.
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Exercise 4 [12 points]
Assume that X, X, constitute an iid sample from a distribution with pdf

PPl i<z <
1@ =" =
0 otherwise
for some unknown parameters p > 0 and a > 0.

() Derive the maximum likelihood estimate for a. If you decide to use caleulus methods, you
have to perform a second derivative tes





